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We study the behaviour of the two- and three-point thermal Green functions, to one loop order 
in noncommutative U(iV) Yang-Mills theory, at temperatures T much higher than the external 
momenta p. We evaluate the amplitudes for small and large values of the variable 6pT (8 is the 
noncommutative parameter) and exactly compute the static gluon self-energy for all values of OpT. 
We show that these gluon functions, which have a leading T 2 behaviour, are gauge independent 
and obey simple Ward identities. We argue that these properties, together with the results for the 
lowest order amplitudes, may be sufficient to fix uniquely the hard thermal loop effective action of 
the noncommutative theory. 
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(N ■ I. INTRODUCTION 
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Noncommutative manifolds have been used in physics for quite some time |l]] and were more recently applied in the 
context of string theories Q . In certain circumstances, the low-energy behaviour of these theories may be described 
00 ' m terms of gauge fields defined on a space-time where the coordinates do not commute, so that 

CN ■ [x^x,,] =%Q tlv . (1) 

> ; 

The antisymmetric tensor 0^ y , which has the canonical dimension of inverse mass squared, is assumed to be indepen- 
dent of the space-time coordinates. Such gauge field theories are non-local and exhibit many intriguing properties, 
which have been much studied in recent years (for reviews and a complete list of references see, for example, Q|. In 
, particular, several thermal effects in noncommutative theories have been already examined in a series of interesting 
C\| i Papers % g % §. 

In gauge theories at finite temperature, a consistent perturbative expansion requires the resummation of a set of 
diagrams called hard thermal loops || . These arise from one- loop diagrams in the region where the internal momenta 
are of order of the temperature T, which is large compared with all the external momenta. The purpose of this work is 
to study in the non-commutative U(-ZV) Yang-Mills theory, the high temperature behaviour of the two- and three-point 
gluon functions. Our method of calculation employs an analytic continuation of the imaginary- time formalism [ jTo| . 
Using this approach, we relate the Green functions to forward scattering amplitudes of on-shcll thermal particles, a 
technique that has been previously applied in the SU(./V) gauge theory as well as in gravity |ll], |l2[ |l3). In contrast 
to the situation in the commutative theory, where the hard thermal loop contributions are completely determined in 
the region where T>p, one has to consider in the noncommutative case also the value of the independent parameter 
OpT. For arbitrary values of this parameter, the explicit calculation of these non-local amplitudes is, in general, 
very difficult. Only in certain limiting cases, such as OpT <C I or OpT ^ I, is that their evaluation becomes more 
transparent. An exception occurs in the static case, where one can evaluate, as shown in section [n], the gluon self- 
energy in a closed form for all values of OpT. The corresponding result shows a significant difference from the 
behaviour in the commutative case, where only the Il^j 8 component survives in the static limit. On the other hand, 
in the noncommutative theory, we find that also the Ily 8 components receives leading T 2 contributions in the static 
case. This behaviour reflects the effect of extra ma gne tic fields which are induced by the noncommutative character 
of the theory. Furthermore, we show in the section [Il| that the gluon self-energy is generally transverse with respect 
to the external momenta, and that all the ^-dependence resides in the U(l) subgroup of U(iV) . 



The three-point gluon function is discussed in section III , where we also provide its full ^-dependence which arises in 



both the U(l) and SU(iV) sectors. Although the inherent angular integrations are extremely involved and cannot be 
performed in closed form, we demonstrate that, in general, the leading T contributions to the three-point amplitude 
are related to those of the two-point function in a manner dictated by the Ward identity. 

Our main motivation for this investigation is that, under certain conditions, these gauge invariant amplitudes, 
together with the Ward identity, may be sufficient to determine the effective action which sums up the effects of all 



hard thermal loops. We discuss this issue in section IV and present more details on our calculations in the appendices. 
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II. THE TWO-POINT FUNCTION 



In accordance with the approach initiated in mM and extended to the Yang-Mills theory in Jl l| we can compute 
the Feynman graphs of Fig. ([!]) by considering the on-shell forward scattering amplitudes of Fig. (^). These 
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FIG. 1: One-loop diagrams which contribute to the self-energy in the noncommutative U(iV) theory. Wavy and dashed lines 
denote respectively gauge particles and ghosts. The external momenta are inward. 



amplitudes are related to the corresponding two-point function by the equation 

1 f d 3 k 
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where 



is the Bose-Einstein distribution function. 
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FIG. 2: Forward scattering amplitudes corresponding to the diagrams in Figure [j]. The direction of the ghost momentum is to 
the left (the same as the corresponding internal giuon line). Contributions with k — > — k are to be understood. 

Using the Feynman rules shown in the appendix the contribution of the graph of Fig. (|| a) to the forward 
scattering amplitude is given by 



B AB (a) = [Tr Da D b (1 - c p ) - TV F A F B (1 + c p ) 

We are employing the definitions 

(FA) B c = fBAC, (D A ) BC = d BAC , 

as well as the abbreviations 



(4) 
(5) 



c p = cos(pxfc), c pq = cos(pxq), ci p = cos(ipx/c), s i p = sin(^p x k), ci pxq = cos(ip x q); p x q = p^ u q v (6) 
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Using the results (see ]15[ for similar formulas in the context of one-loop renormalization of noncommutative theories) 



TiF A F B = -N(1-S A , )6 AB 
TvD A D B = N(1 + 5 A<0 )S AB 
TtD a F b = 0, 



Eq. (||) reduces to 

B AB (a) = - 6 9 2 N SABfT (1 - <5 A , Cp) . 

From the graph of Fig. (|| bi) we receive a total contribution 
9 2 



(7) 

(8) 



b ab { u) = ^jNS AB [5pV" " W + 5 (fc'V + V) + lOfc^fc" + 2fc ■ p»T] p2 + 2fc . p 
x [£> Aj D B (l- Cp )-F A F B (l + Cp)] + (fe^ -fc). 



(9) 



The contribution of Fig. (|2| bii) is identical to that of Fig. ^ bi) with the momentum reversed. Consequently, totalling 
Figs. (U bi) and (|| bii) results in 

B1 a/ ^=g N d A B (1 ~ Oa,oc p ) „ 2 , n ?- !-(«->-«)• (10) 



'AB(b) 



p 2 + 2k-p 



In a completely analogous fashion, we find that the amplitude receives the following contributions from Figs. ^ ci) 
and (0 cii) , 



B AB(ci)=-9 N5 A b(1-S a ,oc p ) 



k^(k+p) u 
p 2 + 2 k ■ p 



+ (k^-k). 



and 



%(d0 = V Wab (1 - ^,oc P ) + (*-> -*). 



(11) 



(12) 



In computing (||), (|i"o|), ( pi] ) and ( jO ) the gauge parameter £ in Eq. (Al) has been taken to be arbitrary, but it 
cancels completely in the final result for the T 2 terms. In the regime in which p <C k ~ T, we make the expansion 

1 1 „2 

(13) 



p 2 + 2 fc ■ p 2fc-p {2k -pf 
so that at the leading order in (2fe -p) -1 , the total contribution to -4^f coming from (|§|), (plj|), ( pi] ) and (|l2|) is 

<zf = -tfNS*'* [1 - 5 A >° cos(p ■ k)] G^; p^ = p v B v ^ (14) 

where 



^ p kfik v Piik v + Pvkp 
U » u ~ Jk^pJ k~p + * ?/u " 

One can easily verify that the transversality property 

P M lC = 



(15) 



(16) 



is satisfied. Indeed, this is a direct consequence of p^G^ — 0. Therefore, we can express the self-energy in terms of 
the following decomposition 



jtAB _ jtAB , 



P^P" I i tsAB 



P 



p ■ U 



n 2 ZV U M ) [Pv U » "a 



1 



p ■ u 



p ■ u J p 

„1 



) Vv + ( Pv - ^~^ u " ) ZV 



(17) 
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where u M represents the heat bath four velocity [u = (1,0,0,0)]. A straightforward calculation gives 



tAB jrfj, AB , / 2 T\nAB P^P" tjAB , 2 _ Po 
h = 11% + \P - IJUqO IV ' CT = ^2 



(18) 



n 2 = o- n% + 2(7 (a - i)n 00 - cr -^-iv 



(19) 



1 



O 2 - 1. 



,.4B , oP P nAB 



TjAB TJM ~ ITT^ 113 _1_ £~ TT^-E* 



(20) 



n 4 =(< J - 1)^ 11 ^ ■ ( 21 ) 

In order to ensure unitarity 0, @], we have taken 

6 0fl = 0. (22) 
The computation of the integrals appearing in Eqs. ( |Ts| ) to (21) is carried out in the appendix [b| We find 

jTILff = 0, (23) 



IP 



AB 



N5 



A,B 



g 2 T 2 



6 



(24) 



and 



jtAB 

11 oo 



2g 2 NS A > B T 



B T"2 /•! 



G - 1 



2(7 



«7-c (^-C) 2 



2 00 
^ ?A,0 \ " ^ 

6 ^ [n 2 + r 2 (l-C 2 )l 3/2 

n— 1 L j / j 



^ttAb _ 2g 2 N6 A < B T 2 ^ 



p2 "^V 



(2rr) 2 



a 2 -l 1-C 2 



(a-C) 2 2 



- 1 



2 

6 ^ 



^ [n 2 + r 2 (l-C 2 )l 3/2 

n— 1 L v 



^ q(T 2_ 1 ! - (n-^ 2 +^ 2 (l-C 2 ))'(n + 2> 2 +^ 2 (l-C 2 )) 



(cr - C) 2 2r 2 ^ 

^ SJ 71=1 



(n 2 + r 2 (l-C 2 )) 



3/2 



(25) 



(26) 



We have defined r 2 = p 2 T 2 = (O^p") 2 T 2 . However, in view of condition (p2|), this parameter is actually independent 
of the energy pq. 

As G^u in Eq. (|l^) is homogeneous of degree zero in k, H AB acquires to leading order an overall factor of T 2 . 

We now consider the various limits referred to in the introduction. With the limit OpT ^> 1, we see that all terms 
proportional to Sa,o vanish, so that non-planar graphs no longer contribute. This leaves us with some straightforward 
integration that leads to 



IP,; 45 = NS 



A,B 



9 2 T 2 



(27) 



a - 1 



(28) 
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and 



P P yrAB 
p2 l* v 



-N6 



A. B 9 2 T 2 a 
3 2 



l ( 2 ,M Cr + 1 

-(a 2 -l)log 

Z (7—1 



(29) 



Furthermore, in the limit 6pT <C 1, it is possible to extract the contribution to the sums in Eqs. (24) to (|26j) that 
are of leading order in t 2 . Using the standard results for the Riemann zeta function, £(2) = 7r 2 /6 and £(4) = 7r 4 /90, 
we find that 



n 2 T 2 

fj, q 



1-6 



,4,0 



15 



-5 



-4,0 



(30) 



n 



AB NXAM 9 J 

oo ~ jv o 



2 y2 

3" 



(31) 



and 



p2 V" 



3 2 



1 t 2 ,M Cr + 1 

-(<7 2 -l)log --a 

Z a — 1 



(TTTf 

15 



15 o 9 4 9 , o . 2 . cr+1 
1 (7 — (7 (7 ((7-1) fog 

4 4 8 V ; B cr- 1 



(1 - <^>°) 

^,0 



(32) 



Terms of order r 4 and beyond can be similarly computed. We note that all terms involving 8 in Eqs. (|30| ) to (^) are 
proportional to 5 A '° . 

The integration over £ in Eqs. ( p5j ) and ( p6| ) can be performed and in the static limit when a, po — ► 0. We find in 
this case that 



a— >0 d 



6 \ - n 



r-4,0 



7T 2 ^ (n 2 + T 2 ) 2 



(33) 



(Of course, Eq. (| 
standard |lq| : 



er^O p 2 ^ 



-27V (5 



g 2 T 2 



-f (n 2 +t 2 ) 2 ' 

remains unchanged in the static limit.) The sums appearing in Eqs. (E4 



(34) 

f) and (|J) are 



El 7T , . 1 
— = — coth 7r a -, 
n 2 + a 2 2a 1 ; 2a 2 

n—1 



(35) 



oo 2 1 

El 7T . . IT j, , 1 

—^5 ^ = - — ^coth(7ra) + — rcsch (7ro) — — - r 
, (n 2 + a 2 ) 2 4a 3 4a 2 2a 4 

n—1 v y 



(36) 



We consequently are led to 



n 2 T 2 

jp AB = N5 A,b9 1 



1 _ 3 ( — coth(^r) - j^-- ) S A '° 

TTT (7TT) Z 



limll^f =N5 a > b9 — Jl-- 
CT ^o 00 3 1 2 



■ coth(7rr) — csch 2 (7rr) 



(37) 
(38) 



and 



P^P^ a n ^ 4 r 9 o csch (7rr) 

limi-^ndf = -N6 A ' B g 2 T 2 



2(ttt) 2 



1 + (7rr) 2 - cosh(2-7rr) + — sinh(27rr) 



sA,0 



(39) 
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From the previous results we can now obtain the static limit of Eqs. (|18|), ( J19| ) and Q20|) (we show in the appendix 
that Ilf B = 0). From Eq. (pt), we have 



lim U AB = lim W AB - lim 11^ 



<T^0 



<T^0 



cr^O n 2 p 



(40) 



Using Eqs. 



(ph and (pi), we obtain 



lim nf 



AS 



(41) 



The static limit of II2 in Eq. ( |l9|) behaves as a 2 . Therefore, II2 will contribute only to ^l AB in Eq. ([Tt| ) but not 
to either H AB or n£ s (i,j = 1,2,3) [of course, we do not need II2 in order to obtain H AB which has already been 
obtained explicitly in Eq. (53)]. Using Eq. (^o|), we obtain for the static limit of II3 



lim u AB 



-— lim IF 

\p\ 2 \p\ 2 *-o 

-3hm/^n^ 



AS 



n 



AB 



)PJLu AB 



(42) 



Finally, using Eq. d39) in Eq 



as well as simple functional relations involving the hyperbolic functions, we obtain 



3 n 2 T 2 

lim U AB = N5 A > B 5 A <°^-L 



1 



COSh(7T t) 



sinh (ttt) (7rr) 2 7rTsinh(7rr) 



(43) 



Inserting Eq. ( f43| ) into Eq. ( |l7| ) one can easily obtain Tlf B . It is interesting to note that in commutative Yang-Mills 
theory H AB is non-zero but n AB vanishes, while in the noncommutative case, we see from Eq. ([l3|) that Tl A ^ B 7^ 
when then colour A is in the U(l) sector (A = 0). This is consistent with the additional magnetic interactions 
appearing in the initial Lagrangian. However, since Tl AB (po = 0,p — > 0) = 0, the magnetic mass vanishes also in the 
noncommutative theory. 

It also proves possible to examine H AB in the long wave length limit a — > 00 and r — > 0. In this case, we see from 
Eqs. 



), (B5J) and (|26j) that 



n, 



AB 
00 
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(44) 



III. THE THREE-POINT FUNCTION 



The Feynman graphs we consider are those of Fig. |. These are associated with the amplitudes of Fig. [|. The 
calculation of the diagrams in figure ^ is straightforward but very tedious. After some algebra, the amplitude in figure 
H (a) can be written as (we have employed the Maple version of the symbolic computer package HIP |lq]) 



A 



ABC 



sm 



Pi x p 2 



gl ABC 



COS 



Pi X p 2 



pgl ABC 

cos 



L 



(45) 



Similarly the sum of the diagrams in figures ^ (b) and |^ (c) give 



,gh ABC 



Pi X p 2 



n gh ABC 
°sin 



Pi X P2 



c 9h 



ABC 



- gh 



(46) 



The factors C^ n ABC , C^ ABC , C^ ABC and C^ S ABC are trigonometric functions of the internal momentum k and 



involve the colour factors. At any specific order in the hard thermal loop expansion, the Lorentz factors L 9 ^ and 
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FIG. 3: One-loop diagrams which contribute to the three-point function. 
L 3 ^ will be odd or even in k. Terms which are odd in k will be multiplied by the following antisymmetric 

At ABC = \(c!L ABC (k)~c!L ABC (-k)) 

A± ABC = \{ct ABC {k)-Ct ABC {-k)) 
AL ABC = \ (Cf os ABC (k) - Cf os ABC (-k)) 

Agh ABC 1 (sigh ABC 
* ' 2 V cos 



factors 



^ . '{k)-c£ s ABC {~k)) 

Terms which are even in k will be multiplied 

~J A r>f~* 



by the following symmetric factors 

s!L ABC = \(ci ABC (k) + c!L ABC (-k)) 

Q gh ABC _ 1 ( righ ABC /.\ , n gh ABC , 
^sin — 2 V sin sin ^ 



A straightforward calculation gives 



- si „ '(-*)) 

ogl ABC _\ ( r gl ABC (u\ , r gl ABC i la\ 
D cos — 2 V°cos \ K ) + b cos k K )) 

agh ABC _ }_ ( r gh ABC ( h \ , r gh ABC ( h \\ 

— 2 l°cos V / COS l~ K JJ 



AfM BC = -Tr 



pA D B D C ^ 



fP2 S|P3 — F A F B F c c i 



2P1 S lP2 C |p 3 



2 i^l 2^2 2 



2^3 



(47) 



(48) 



(49) 
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FIG. 4: Forward scattering amplitudes corresponding to the diagrams in Figure ^[ The direction of the ghost momentum is 
the same as the corresponding internal gluon line. Permutations of the vertices are understood. 



where we are using the abbreviations defined in Eqs. (g) and (|6|). Using the relations |0 

N 



Tr F A F B F c = - — f ABC 
as well as the cyclic property of the trace, we can write 



-TrF A D B D c , 



(50) 



A gl 



I ABC _ _^_rABC 

2 7 



c hpi c hv2 s |p 3 



C 5P1 S hP2 C §P3 



+ Si B1 Cl Cl 

2 PI 2P 2 2P 3 



Si Si 

2P1 2P 2 2t 



N 



-f 



ABC s - mi P 1 + P2±P lxk 



0, 



(51) 



2' V 2 

where we have used the momentum conservation pi + p 2 + Pz — 0. A similar calculation for the ghost part also gives 

Af/ BC = Q. (52) 

The Eqs. ( pl| ) and ( |52| ) imply that there is no contribution which is odd in the temperature T and proportional to 
sin[(pi x P2J/2]. 

Let us now consider the coefficients of cos[(pi x P2)/2] which are antisymmetric functions of fc, namely A 9l ABC and 
A 9 !} ABC . The colour traces which are involved now are (lal 



TyD a D b D c 
Tr F A F B D c 
A straightforward calculation gives 



N 



VABcd 



ABC. 



Vabc = dAdsdc — 45a+b+c,q 



N 



-CACsdc d 



ABC . 



ca = 1 - S A .o; d A = 1 + 5a,o 



(53) 



A 9 

cos 



I ABC 



= -Tr [F A F B D c c hpi cy 2 s, p3 +D A F B F c s, pi ci p2 ci p3 

+F C F A D B C hpi Sy 2 cy 3 +D A D B D C S hpi Sy 2 sy 3 



(54) 



In contrast to the antisymmetric coefficient of sin[(pi xp2)/2], A 9l ABC does not vanish by itself. Using trace cyclicity, 
one can write 



A 9 

cos 



I ABC 



-F A F B D c c, 2Pi c hp2 s hp3 + 1 -D A D B D c Shpi S , p2 S i pa 



= Tr 
+ cyclic permut 



(55) 



9 



Let us consider the specific case of the superleading contribution, which would be proportional to T 3 . The Lorentz 
factor for this piece is the same for the gluon and for the ghost diagrams, being proportional to [see the diagrams in 
figure |] (a), (b) and (c)], 



k-pxk-p 3 



(56) 



Including the colour and the cos 



' y Pl * P2 ) factors, this leads to a contribution 



cos 



Pi x p 2 



4f : 
- 1, -., 



I ABC 



{pi 1 P2 1 P3)k t j.k u kx 



1 



(57) 



k -pik -p 3 

The only part of Eq. (^7|) which will change when we add together all cyclic permutations is the denominator. Using 
momentum conservation, we have 

1 1 1 



= 0, 



(58) 



k ■ pi k ■ p 3 k ■ pi k ■ p 2 k-p 2 k-p 3 

and thus we can easily see that the superleading contribution (viz. those that are proportional to T ) will vanish. 
The same property is also true for the ghost diagram. This cancellation of the superleading contribution is similar 
to what happens in QCD |l]J . However, in the case of noncommutative theories one has to employ the cyclicity 
property of the colour/trigonometric factor, rather than simply relying in the cancellation which occurs when we add 
the contributions with k — + — k, as is the case in QCD. (In QCD, there is no ^-dependent trigonometric factor which 
is odd in k.) 

In a similar way, it is straightforward to show that 



c</< 



I ABC 

cos 



Tr 



F A F B F c c, cy 2 c, p3 



F A D B D c ci pi S > p2 s. p3 



-F B D c D A si pi ci p2 S , 2P3 +F C D A D B S1 sy 2 c. 



= _EfABC 

2 J 



cos 



^(Pi +P2 +P3) x k 



= _N ABC 
2 3 



(59) 



h ABC 



= Tr 



F A pB pC 



~F B D c D A 



(2 2 

CI Ci 

V 2Pl 2^ 

(4 



Pi S ip 3 C 5P1 C |P3 S ^P1 S |P3 



( 8 1p. 



F c D A D 



2P3 2P 1 2P 3 2P 1 2P 3 



N 



■ABC 



(60) 



and 



S: 



gl ABC _ 



off 
sin 



h ABC 



Tr 



-F A F B D c ci r , si„ si. 



2P1 3P2 5P3 



F B F c D A si„ si„ ci. 



+F- F D c yi c kp2 ci p3 + D D" S , c |p2 s, 



N 



]ABC 



[1 + c Pl (5 A > Q 6 B >°5 C >° - 6 B >°8 C > 1 > 



s;A,0\ 



S A,0 S C,0 _ § B,0j 



Afi^BfifiCA _ jA, 0^5,0 _ fiC,0\ 



-Tr \F A F B D c + F A D B F c + D A F B F c - D A D B D c 



(61) 



+c Pl (F A F B D c + F A D B F c - D A F B F c + D A D B D c ) 
+c P2 (~F A F B D c + F A D B F c - D A F B F c - D A D B D c ) 
+c P3 (-F A F B D c + F A D B F c + D A F B F c + D A D B D c )] 



N 



,ABC 



[1 + c Pl (5 A <°5 B <°S C 



- c P2 (8 A >°5 B > 5 C '° - 5 A '°8 C >° - 5 B >°) 
+ c P3 (8 A < 8 B - a 8 c :° - S Afi S B -° - <5 C - )] 



(62) 
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By Eqs. ([39|) to ( |62| ) it is evident that the full amplitude associated with Figs. [| (a), (b) and (c) is 



A 



ABC\ 



f* vX l(a),(6),(c) 



N 



ABC 



COS 



Pi X p 2 



+ d 



ABC 



1 + ABC ) 



Pi X p 2 



-gh 



(63) 



where 



O 



ABC 



COS{ 

cos( 



- S B '°S C >° 


-6 A >° 


- 5 A <°6 C >° 


~5 B -° 


- 5 A <°6 B <° 


-5 C >° 



(64) 



is an oscillatory part which gives a subleading contribution for 6pT 3> 1. Furthermore, explicit computation gives 

^Pi 2 k^k v k x 4fc„/c A1 p 3A 4p 3 „fc /J fc A 



k-p3 



(k-pi) 



- ([(M,p 1 ),(A,p 3 )]) 



k ■ pi k-pi 

([(A,JJ3),( M ,Pl)]). 



kfj,Tj\ tV k v Tj\^ 



(65) 



(As in the case of the two-point function, in the leading thermal contributions, all dependence of the three-point 
function on the gauge parameter £ cancels completely.) The full contribution to the three-point function is obtained 
adding to Eq. ( p3[) two cyclic permutations of (p,pi), (v,p 2 ) (A,J> 3 ). In the limit 9pT 1, when (J ABC can be 
neglected, the colour/trigonometric factor in Eq. ( p^ ) does not change under cyclic permutations. Therefore, we can 
write 



lim 

(epT)^oo 



J\ABC\ 

V* l(o),(6),(c) 



cyclic perm, of (n,pi), iy,p 2 ) (A,p 3 ) 



N 



C ABU (pup 2 ) 



■gl 



-gh 



cyclic perm, of (fi,pi), (y,p 2 ) (A,p 3 )(66) 



where C ABC (pi,p 2 ) is given by Eq. (A3). Since the factor C ABC (pi,p 2 ) does not change under cyclic permutations 
the Lorentz factor L 9 ^ vX + L 9 x , plus its cyclic permutations simplifies to an expression without terms involving the 
metric tensor rj, so that the full expression from the diagrams in Figs. (a), (b) and (c) can be written as 



iNC ABC ( Pl ,p 2 ) 
k-P3 

[{A,p,,p 1 ),(C,X ) p 3 )} 



k^ k v k\ p\ n hp kx P3 t 



(k-pi) 2 k-pi 
— ► [(C,X, P3 ),(A,fi, Pl )} 



+ (p, «-> v) 



(67) 



The remaining contribution, associated with the amplitudes in Figs. ^ (d), (e) and (f), is purely oscillatory and 
hence will not contribute when QpT 3> 1. Including the two identical contributions which arise as a result of reversing 
the momentum flow of k in Fig. |] (d), (e), and (f) and also by interchanging the two vertices appearing there, we 
obtain 



A 



ABC\ 



M^A l(d),(e),(/) 



= -2iNd 



ABC 



sm 



f^P) cos( Pl x k) (6 A '°5 B > Q 6 C '° - 5 B >°6 C >° - 5 A >°) 



k-P3 

+ ([0,Pl), (V,P2)]) < ► {[{v,Pl), {H, Pi)]) 

+ cyclic perm, of (p,,pi), (y,p 2 ) (A,p 3 ). 



After using fl63|) and (|6J]) in conjunction with 



r ABC ( \ 
'-uuX {Pl,P2,P3) 



d 3 k 



(2tt) 3 J 2 |fc| 



AT(|jfc|) A ABC 



pvX lfco=|j?j 



A,B,C = 0, l,2,---,iV 2 -l 



(68) 



(69) 



to compute the three-point function in the hard thermal limit, one is confronted with very complicated angular 
integrals. However, it is apparent that because A AB X C (k) in Eq. (^) is homogeneous of zero degree in k, the 
three-point function is quadratic in T, as in commutative Yang-Mills theory. Furthermore, the simple Ward identity 



P^ AB x c (pi,p 2 ,p 3 )=iC ABX ( P i,p 2 ) (u^ c (pi)-n^ c (p 2 )) 



(70) 
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can be seen to be satisfied in the hard thermal limit when 8pT 1, without having to perform the integration over 
k. This can be verified directly, at the integrand level, using the explicit forms of the two- and three-point amplitudes 
given by Eqs. ( [l4| ) (with 6pT 3> 1) and (p^). Actually, this Ward identity should be satisfied for all values of 9pT. 
This is because in the hard thermal limit amplitudes with external ghost lines do not have a T 2 behaviour and hence 
BRS identities reduce to simple Ward identities such as those in (|7(]). The above Ward identity, together with the 
results given in Eqs. (38) and (f43|), implies that the leading T 2 contributions to the static three point amplitude are 
non- vanishing. This behaviour contrasts with the one in the commutative theory, where the gluon self-energy is the 
only static amplitude with a hard thermal loop. 



IV. DISCUSSION 



An essential ingredient of the resumation program is the computation of the effective action for the hard thermal 
loops. In this work, we have addressed the problem of obtaining the two- and three-point functions in noncommutative 
U(iV) Yang-Mills theory at high temperature. These calculation are much more difficult than the corresponding ones 
in commutative SU(AT) theory, due to the presence of the tensor 0„ v , which appears in the interaction vertices. It 
is interesting to remark at this point that, as 9^ — *■ 0, the U(l) sector decouples, so that the usual results of the 
SU(Y) gauge theory are recovered. This can be understood by noting that the temperature does provide a natural 
ultraviolet cut-off for the thermal part of the amplitudes (in contrast, such limit is singular at T — 0, due to the 
phenomenon of the UV/IR mixing). This fact enables one to take, for the leading thermal contributions in the 
noncommutative theory, the limit 9^ v — > in a smooth way. 

The approach which relates the hard thermal loops to the angular integrals of forward scattering amplitudes of 
on-shell thermal particles, allows one to infer much useful information about their high-temperature behaviour. From 
an examination of these amplitudes, where the leading terms are all of order T 2 , one learns the following properties 
of the angular integrands: 

(a) The non-localities involve, in configuration space, products of (k ■ d) . 

(b) Apart from the trigonometric factors involving the noncommutative parameter, the integrands are homogeneous 
functions of k of zero degree and Lorentz covariant. 

(c) They are gauge invariant and satisfy simple Ward identities analogous to those of the tree amplitudes. 

Using similar arguments to the ones employed in reference Jl7[ , we expect that these properties, together with the 
results for the lowest order amplitudes, may be sufficient to determine the effective action for hard thermal loops. 
This issue of the noncommutative Yang-Mills theory is currently being considered. 
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APPENDIX A: FEYNMAN RULES 

The propagators of the gauge and ghost particles are respectively given by 

M- A p vb . i S A ' B ( ^VpPv 



(p 2 + 
i6 A > B 
p 2 + ie 



i2 



(Al) 
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The vertices are 




P 2 v B 
P 3 XC 



-gC ABC ( Pl:P2 ) [fa - P2 )\r + (p 2 -p 3 )V A + fa -pi)V M ] 



/? 2 v 5 
P 3 ~k C 




Pj H A P 2 vfi 



+C ACX ( Pl ,p 3 ) C XBD (P4,P 2 )(?/V l/ - J^V) 



(A2) 



where 



C ABC ( Pl ,p 2 ) = f ABC cos(^p) + d ABC sin(^ip); Pi x R e ^« (A3) 
and a/Z momenta are inward. Dirac delta functions for the conservation of momenta are understood. 

APPENDIX B: INTEGRALS 



In this appendix, the integrals appearing in Eqs. ([L8|) to (|21| ) are evaluated, leaving us in general with answers in 
terms of infinite sums. 

First of all, from Eqs. (@), (Q and (|l5|) we obtain 

k " 



P0P»nff = ' B J ^N(\k\) [1 - 6 A >° cos(fc ■ p)j K ■ p r ^ Po 



X= 1,— (Bl) 



One can perform the previous integral using a coordinate system such that two of the three orthogonal directions are 
and ySy. Since the integrand is an odd function of K ■ p, the integral will vanish. Therefore, we conclude that 

U AB = 0. (B2) 
Let us now consider the quantity W lAB . Using Eqs. (|j) and ((IJ) we obtain, since = 2, 

^ AB = 4g ^r / ^(|fc|) [1 - ^°cos(fc • p)] . (B3) 




p X p 



FIG. 5: 



Using spherical coordinates as shown in the figure so that 

k ■ p = — \p\ \k\ cos(V'), 

we can write (with u = -Ijr) 



n' 



AB _ Ag 2 NS A ' B T 2 r°° udu r2 ~" 



dC [l -<5 A '°cos(r 



2 N5 AM T 2 roc udu 



(2n) 2 



e" - 1 



1 - J 



, sin(ru) 



Expressing the Bose distribution in terms of the geometrical series, 



3 « _ 1 ' e " - 1 ^ 



n=l 



and similarly, expanding 



Jo tA dn J» 6 



sin(6 u)dit 
e" - 1 



, Jo 



n=l 



= 2 / sin(&w)e~""du 



we obtain from (p35|) 



00 f 00 1 / \ 



n=l 



^ b 2 + n 2 ' 

n—l 



AB 



fN5 A ' B T 2 



ZL - 6 A <° ^ 
6 



14 



Let us now consider the component Tl AB . Using Eqs. (0), (|T^) and ( |l5| ) and the spherical coordinates indicated in 
figure pi we obtain 



n, 



AB 



2q 2 N6 A > B T 



b rp2 r 1 



d(cosW)/ 
-1 Jo c ~ 1 Jo 



00 ~ (2tt)3 

x [l — S A,Q cos(r u sin(^) cos(^))] . 

Using the standard result p8| 



1 - 



2a 



(7—1 



cr — cos(V0 (a — cos(V')) 2 



(BIO) 




P * P 



FIG. 6: 



we obtain 



d(j>cos(a cos(0)) = 27rJ (a), 



ab 2g*N6 A > B T* ri 



n, 



III! 



d(cos(^)) / - [1 - S A >° J (r u sinty))] 

l Jo ~ 1 



1 - 



2a 



a — co$(ip) (a — cos(V>)) 2 



But now we take 



which can be written as |T^] 



u) 



E 



d 1 



E 



^ Vn 2 + a 2 ^ (n 2 + a 2 ) 3 / 2 ' 6 

n— 1 v 7i—l v y 



l - 
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By Eqs. (B7) and (B14), (B12) becomes 



ttAb 2g 2 NS A > B T* f 1 
11 oo — — 



(2^) 2 



d( 



1 - 



2a <j l - 1 



a-C (a-C) 2 



{ [ti 2 + t 2 (1-C 2 )] 3 / 2 



(Bll) 



(B12) 



(B13) 



(B14) 



(B15) 



15 



Finally, let us compute 2-M-Tl AB . Using Eq. (||) and the spherical coordinates indicated in figure |[ we obtain 



P P ttAB 



2g 2 N5 A > B T 2 f 1 
(2^)3" 
a 2 -I 



d(cos(ip)) 



duu 
o e«-lj 



-(sin(7/.)cos(0)) 2 -l 
((7 — cos^))^ 

x [l - <5 A, ° cos(r u sin(^) cos(</>))] . 



Performing the integration over <f> [fjj 



d(j>cos 2 4> cos(acos((/))) = — / rf0(l + cos(2</>)) cos(acos((/>)) = 7r [Jo(a) — ^2(0)] , 



we obtain 



p n AB 



2a 2 N8 A > B T 2 r 1 



~o LIU 

p z p 



(2tt) 2 

a 2 — 1 sin 2 ^ 



(ct - cosO)) 2 2 



[l — Jq(t u sin(^i)) 5 



a 2 — 1 sin 2 ^ 
(ct - cos(V')) 2 2 



J-2.{tu sin(^>))<5 



The integral over it in Eq. ( B18 ) is first expanded. Similarly to the Eqs. (B7) and ( BIS ), we now have 
which by standard formula in ||l8f becomes 



d a 2 (V« 2 + a 2 — n) 2 



, cfri Vn 2 + i 



^ 00 

72 E 



n=l 
00 

,2 



E 



(n - V"- 2 + a 2 ) 2 (2Vn 2 + a 2 + n) 
(n 2 + a 2 ) 3 / 2 

1 ir^a 2 



4 ^ n 4 120 

n—l 



(Bi6) 



(B17) 



(B18) 



(B19) 



(B20) 



One can now reduce ^gr-II^f to the expression involving a sum and an integral over ( = cos(ip) given in Eq. ( ^6| ) 
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